TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION 2008

MATHEMATICS
EXTENSION 2

Time Allowed — 3 Hours
(Plus 5 minutes Reading Time)

e All questions may be attempted

o All questions are of equal value

o Department of Education approved calculators are éermitted
o In every question, show all necessary working

» Marks may not be awarded for careless or badly arranged work

o No grid paper is to be used unless provided with the examination paper

The answers to all questions are to be returned in separate stapled bundies clearly
labeled Question 1, Question 2, etc. Each question must show your Candidate
Number.
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QUESTION 1 _Start a new Page

(a)

(b)

(c)

3
Evaluate I-—Z——l—-dr
;X" —4x+5

7
Let I, = fx" sinx dx, wheren=0, 1,2, .....
0

0] Show I, = z" —~n(p-1)1,, forn=2,3,4, ...

T
(i)  Hence, evaluate Jx“ sin xdx.
0

1 A B
Let = —t .
xr-2x) x m-2x

®

Find the real values for A and B.
n

& = 2lr12.

3
(ii)  Hence or otherwise, show J —_— =
; x(r—2x) %

[3
b b
(iiiy  Using the substitution u=a+b-x,showthat [ f(x)dx= [f(a+b-x)ds.

z

cos® x

3
(v) Evaluate | il

T
6

JRAHS YR12 ME2 TRIAL, 2008 Pagel

Marks

QUESTION 2 Start a new Page

(&

©

@

Express. z= ’;+

;l in the form a+ ib, where g and b are real.

On an Argand diagram sketch the locus of the points representing the complex number z
where|z~ 3-i|=40.
Hence, find the greatest value of |z| subject to this condition.

Im (z) A
' (=)

A(z)

> Re(z)

° 1

In the Argand diagram above, the two points 4 and C lie on the circumference of the circle
with centre the origin of radius 1. They represent the complex numbers z, and z,
respectively.

(i) Copy the diagram into your answer sheet. Mark on your diagram the position of the
point B that represents the complex number z, +2,.

(i)  Explain why AC is perpendicular to OB.

For the complex number z=x+Jy :

()  Find the equation of the curve in the Argand diagram for which Re(z?)=3, and
sketch the curve showing any intercepts and asymptotes.

(i)  Find the equation of the curve such that Im(z})=4.
(iiiy Hence, or otherwise, solve the equation z° =3+ 4i.

(iv)  Theregion R in the Argand diagram consists of the set of all values of z such that
0 <Re(z?)<3 and 0<Im(z?)<4.

Draw a sketch of the region R, indicating the coordinates of the intercepts.
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QUESTION 3 Start a new Page QUESTION 3 CONTINUED
Marks Marks
(a) A stool of height 40 cm has the shape of two identical truncated cones with curved sides as 3 © The graph of y = xe™ is sketched below:

shown in the diagram below.

J4

' L
e F---=
40cm v

T e Bt

]
For the bottom half of the stool, the cross-section at height # above the ground is a circle
paralle] to the base and of radius (%), where
r(h)== 7542 DO NOT PROVE THIS FORMULA : On separate axes, sketch the following curves. Indicate clearly any turning points,
Jh’ +50 asymptotes, and intercepts with the coordinate axes.

Find the total volume of the stool to the nearest cubic centimetre. f

% (i) y - x2 e—ZX 2

.. _ 1
(i) y=—3 2

o e oo ot e e e

(b) The area bounded by y =4 ~x* x =2 and y =4 is rotated about the line x =4. iy  y=log (x e—-x) 2
Using the method of cylindrical shells: ¢
0] Show that the volume of a cylindrical shell of thickness d&x is 2 1 (v) y=¢ e 2
7 x*(8~2x)dx.

(i)  Find the volume of the solid generated.

QUESTION 3 CONTINUES OVER PAGE
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QUESTION 4 Start a new Page

Marks
@ Let P(z)=2z" —1.
@) Find all the complex roots of P(z)=0. 2
Let these roots be zg, zj, -..... and zg leaving all answers in mod-arg form.
(i)  Plot the points representing zq, z,...... and zg on the Argand diagram. 2
(iii)  Factorize P(z) over the set of real numbers. 3
(iv).  Hence, or otherwise, show that cosy— + cosiz + coséz = —!— 2
7 7 7 2
b)
___________ o}
The railway line which moves around a circular track of mean radius 800 metres, is banked
by raising the outer rail to a certain level above the inner rail.
(@) When the train travels at 20 m/s the lateral thrust, F is on the outer rail. 2
Show that F =m %cos&%gsine).
(ii)  When the train travels at 10 m/s, the lateral thrust on the inner rail is the same as the
lateral thrust on the outer rail at a speed of 20m/s.
(a)  Find the angle of the banking. 2
(B)  Find the speed of the train when there is no lateral thrust exerted on the rails. 2

Useg= 9.8 ms™
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QUESTION 5 Start a new Page

A particle P is projected from a point O at ground level with a speed V m/s at an angle of
elevation & ° as shown below.

J¢
les

> A
0
Given that the equations of motion for the particle P at time # seconds is given by (air resistance is

neglected):
2

x=Vicosa and y= - %— +Vtsina DO NOT PROVE THESE EQUATIONS.

where g is the acceleration due to gravity and g is measured in ms?,

(@)  Ifthe highest point of the trajectory of the particle P has coordinates (C, H)

(6] Show that the angle of projection is tan™! Z—C{i .

(i)  Show that the speed of projection is given by ¥ = Egﬁ(’”{ 24 CZ) .

(b) At the same time that particle P is projected, a second particle Q is projected horizontally
with speed U m/s from a point at height /2 metres vertically above O, so that the particles
move in the same vertical plane.

() Show that if the particles collide, then V> U
(i)  Find the time at which collision takes place, in terms of h, Vand U.

(iiiy  Show that, if the particles collide at ground level, then
2_sp, 1
Ve=U"+ 3 gh.
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QUESTION 6 Start a new Page

Marks
(a) P(x) is.a cubic polynomial with real coefficients, 4
One zero of P(x) is 1+2i , the constant term is —15 and P(2) = 5.
Write P(x) with real coefficients.
(b) The equation x* —~4x+5=0 hasroots &, fand %
(i) Find the value of o+ + >, 2
@)  Find the value of (a+f)’ (@ +7)'(B+7). 2
(¢} A straight line is drawn to the curve y = x* —4x*-18x? s0 that it is a common tangent at two
distinct points on the curve.
) If the equation of the tangent is y = mx+b , where b <0, and its points of contact are
x=p and x=gq,
() Showthat p+g=2; 2
(B)  Showthat p’g®=-b. 1
(i)  Hence, or otherwise, find the equation of the common tangent. 4
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QUESTION 7_Start a new Page

(@) A magic square is shown below:
4 3 18
9 5 1
2 716

Note that the sum of the diagonals, rows and columns is 15.

Three different numbets are chosen at random from the square.
Find the probability that the sum of the numbers is 15, if:

@) A 5 is chosen first,

(ii) A 2ischosen first.

»

(b) X and Y are points on the sides BC and AC of a triangle 4BC respectively such that
£LAXC = £BYCand BX=XY.

Copy the diagram onto your examination paper then,
i) Prove ABXY is a cyclic quadrilateral.

(@iiy  Hence or otherwise, prove AX bisects £BAC.

B
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QUESTION 7 CONTINUES OVER PAGE

UESTION 7 CONTINUED

(c) A particle of mass 10 kg is found to experience a resistive force, in Newtons, of one-ninth
of the square of its velocity v, in metres per second, when it moves through the air.

The particle is projected verticaily upwards from a point O with a velocity of 3043 m/sand
the point 4, vertically above 0, is the highest point reached by the particle before it starts to
fall to the ground again.

Assuming the value of g= 10 ms™

()  Explain why ¥=~10 —ﬁvz .

(i)  Find the time the particle takes to reach 4 from O.

(d) ) Show that:
cot2x —tan2x = 2cot4x.

(iiy  Hence, prove by mathematical induction that forn=1,2,3......

tanx +2tan2x + 4tandx +....+ 2" tan(2" " x) = cot x - 2" cot(2" x).
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QUESTION 8 Starta new Page

(@ M

Marks

@i

® @

@i

(iif)

(iv)

Show that:

n
Q+x)?" +(1-2)*" = 2y, e, x¥ forn=1,2,3, ...
r=0

An alphabet only consists of three letters A, B and C.

()  Explain why the number of words consisting of five letters containing
exactly 2 A’s is given by °C, x2*.

(B)  Show that the number of words consisting of 2n letters having zero or an
even number of A’s, is given by:

%(32" +1).

Show that the normal at the point P(cp, 5) to the hyperbola xy = ¢’ is given by
p

p’x -py= c(p" - 1).

If this normal meets the hyperbola again at Q(cq, 2), show that
pg=-1

Hence, find the area of the triangle POR, where R is the point of intersection of
the tangent at P with the y-axis.

You may assume that the equation of the tangent is givenby x+ ply=2cp.

What is the value(s) of p that produces a triangle of minimum area?

This is the end of the exam

EI_ LR Rl LA P
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